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^ : 1. Introduction 

' With this paper, we hope to give a new look on the old problem of duality of locally 

compact and quantum groups. Dating back to 1930s, this theory is still under active 
development, and one might confess that in the general case it has not reached the 
excellence of the initial Abelian theorem of Pontryagin and van Kampen [211 ES] • 
Let us recall the statement of the problem. In contrast to Abelian groups, the 
^ , space of irreducible representations of a noncommutative locally compact group has no 

I natural group structure. One has either to consider duality between objects of different 
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type, as it is done by Tannaka [36], Krem [23] and Tatsuuma [37], or to imbed groups 
into a new category with duality so that the Abelian duality is preserved. 

The second program has been realized by efforts of many authors, notably Kac, 
Vainerman, Woronowicz, Enock and Schwartz. A historical account may be found in 
fn\ or [T7]. In this theory, locally compact groups are imbedded into the category 
^ ■ of Kac algebras, which are von Neumann algebras with additional Hopf-like structure. 

On ! For a group G, this von Neumann algebra is L°^{G), the algebra of bounded measurable 

functions on G. 

Further extension of this theory to quantum groups was started by Woronowicz [IQ] 
■ and Baaj and Skandalis [5]. In fact, there are several theories: compact quantum 

O \ groups of Woronowicz [H] , discrete quantum groups of Effros and Ruan [TO] and Van 

^ \ Daele [38j, and two different definitions of locally compact quantum groups: of Masuda, 

Nakagami and Woronowicz [27] and of Kustermans and Vaes [24J. The modern state 
of this field is reflected by collective monograph [T7] . 

The theories of Kac algebras and of locally compact quantum groups have both 
\ two common shortcomings. First, to define the dual algebra, one needs to know the 

analogue of Haar measure, and its existence is an axiom, whereas for a group it follows 
from other axioms. Second, the objects considered are not Hopf algebras as they are 
defined in algebra, though close to this notion. In our opinion, at least the first problem 
can be resolved, if one exits the framework of Banach algebras. In this paper we propose 
a duality construction which is valid for a small class of groups (SIN-groups, see below) 
but does not require the Haar measure or weight to define the dual algebra. 

This approach is inspired by a recent work by Akbarov [2] who constructs a duality 
for complex Lie groups with algebraic component of identity. It should be noted that 
in this theory the group algebras are not Banach, but are more convenient than Banach 
algebras from the algebraic point of view. In particular, they are Hopf algebras in the 
algebraic sense. The transition to the dual algebra is based on the notion of Arens- 
Michael envelope (the smallest algebra with submultiplicative seminorms containing 
the given one), instead of distinguishing a special regular representation with the help 
of a Haar functional. 
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In the present paper the main objects are pro-C*-algebras (called also locally C*- 
algebras, see [IS], [H], |3U]), that is, inverse, or projective, limits of C*-algebras. Du- 
ality construction is based on the notion of a C*-envelope, which can be axiomatically 
defined as the smallest pro-C*-algebra containing the given one or explicitly as the 
completion of the given algebra with respect to all continuous C*-seminorms. 

For a Hopf pro-C*-algebra A (see definition in section |6]) the dual algebra is defined 
as follows. The conjugate space A*, taken with topology of uniform convergence on 
compact subsets of A, has a natural algebra structure, so we can define its C*-envelope 

[A*)^ . This is the dual algebra A of A. The second dual algebra is then A = ((A)*)^, 

and A is reflexive if A = A. In the first part of the paper (sections 2-4) we prove that 
the algebra C{G) of continuous functions on a SIN-group G is reflexive in this sense. 

Recall that G is called a SIN-group if it has a base of invariant neighborhoods of 
identity. This class includes all Abelian, compact and discrete groups. The diagram 
below illustrates the duality construction in the case of a group. We start with the 
algebra C{G) of all continuous functions on G. Then we pass to its conjugate space, 
i.e. the space of linear continuous functionals on C{G), which is equal to the algebra of 
all compactly supported measures Mq{G). The C*-envelope C{G) of Mq{G) is called 
the dual algebra of C{G). After preparatory work in sections 2 and 3, in theorem 14.51 
we prove that the second dual algebra in this sense is again C{G): 

C{G)\ >KUG) (1) 



C* — cnv 



C* 



/C(G) i ^ 1 C{G) 

Section |5] gives a structural description of C(G), based on the structural theorem for 
SIN-groups. 

The main result (theorem I6.10p is that there exists a category of reflexive Hopf 
pro-C*-algebras and that it contains the algebras C{G) on all SIN-groups G and their 
dual algebras. In section [H] we show that the C*-algebra of the quantum group SUq{2) 
also belongs to ©JOT. 

At the same time, a Hopf pro-C*-algebra is not a Hopf algebra in strictly algebraic 
sense, since its multiplication is defined on the projective tensor product while the 
comultiplication acts to the maximal C*-tensor product. In section [7] we define a 
narrower category of strict Hopf pro-C*-algebras, which complies with the algebraic 
notion of a Hopf algebra. This latter category also possesses a duality functor and 
includes all Moore groups (groups with finite-dimensional irreducible representations). 



2. C*-ENVELOPES 



Our main objects are pro-C*-algebras, or locally C*-algebras, as they are also called. 
The theory of these algebras was developed by J. Inoue [19], M. Fragoulopoulou [H], 
C. Phillips [30] and other authors. 

Definition 2.1. A C*-seminorm on an algebra A with involution is such a seminorm 
p that p{x*x) = p{xY for all x & A. We say also that p possesses the G* -property. 
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This definition says nothing about continuity of multiplication and involution, but 
due to a theorem of Sebastyen |32j every C*-seminorm p automatically satisfies p{xy) ^ 
p{x)p{y) and p{x*) = p{x) for any x,y e A. This means that multiplication and 
involution are automatically continuous (with respect to p). 

Definition 2.2. A pro-C* -algebra is a complete Hausdorff topological algebra A (with 
jointly continuous multiplication) with involution such that its topology is generated 
by a family of C*-seminorms. 

Every pro-C*-algebra A is equal to the inverse, or projective, limit of (Banach) C*- 
algebras Ap over all p, where Ap is obtained as the p-completion of the quotient algebra 
A/kerp [301 Proposition 1.2]. 

Next we will give a definition of C*-envelopes of topological algebras, which are in 
a sense smallest pro-C*-algebras containing a given one. Other authors [HI HI] define 
C*-envelopes only for topological *-algebras with submultiplicative seminorms (Arens- 
Michael algebras). This is done to have a correspondence between representations of 
such an algebra A and its C*-envelope. But we are not going to study the represen- 
tations of A, and therefore it is not necessary to impose any additional conditions on 
it. We require that A is unital, but the multiplication and involution, in principle, 
can be even discontinuous in the initial topology. The following notations will be kept 
throughout the paper. 

Notations 2.3. Let A be a unital algebra with involution, endowed with some locally 
convex topology. Denote by V{A) the set of all continuous C*-seminorms on A. For 
every p G V{A) the kernel keip is a *-ideal in A, so A/keip is a normed algebra with 
the quotient norm p of p. Its completion with respect to p will be denoted by C*{A), 
or simply Ap when there can be no confusion. This is a (Banach) C*-algebra. The 
canonical mapping A — )■ C*{A) will be denoted by ip. 

Lemma 2.4. The algebras Ap with pointwise ordering on V{A) form an inverse spec- 
trum of C* -algebras. 

Proof. First of all, V{A) is directed by the pointwise ordering ^: for p,q E V{A) one 
may put r = max(p, q), then p ^ r, q ^ r and C*-property holds for r. 

If p,q G V{A) and p ^ q, then the map tt^ : iq{A) — )■ ip{A), iq{x) ip{x), is 
continuous on iq{A) and can be thus extended to Ag. Denote this extension still vr^. 

Let now p ^ q ^ r. Obviously on ir{A) the maps vr^ and vr^ o ttJ coincide and map 
ir{x) to ip{x). As ir{A) is dense in Ar, these maps must also coincide on the entire 
algebra Ar. □ 

Definition 2.5. The C* -envelope A^ of an algebra A is the inverse limit of the algebras 
Ap over p e V{A). 

The C*-envelope can be alternatively defined as the completion oi A/E with respect 
to all continuous C*-seminorms, where E is the common kernel of p G VIA). Any 
algebra A is continuously, but not always injectively mapped into its envelope A^. It 
may happen that there are no other C*-seminorms except zero; then A'^ = {0}. Note 
that for the unit 1 of A, p(l)^ = p(l*l) = p(l), so that p{l) must be either or 1. But 
if it is 0, then p is identically zero, so p{l) = 1 for every nontrivial seminorm. 
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Remark 2.6. The C*-envelope has the following universal property, li (f : A ^ B is a 
continuous *-homomorphism to a C*-algebra B, then it may be uniquely extended to 
a *-homomorphism : A'^ B. From this it follows that if ip : A ^ B is a. continuous 
*-homomorphism of topological algebras, it may be extended to a *-homomorphism 
^■.A^-^ B^. 

When working with groups, we will use two main pro-C*-algebras. First of them is 
C{G), the algebra of all continuous functions on G in the topology of uniform conver- 
gence on compact sets. The second one is the C*-envelope of the algebra Mq{G) of all 
compactly supported measures. Note that Mq{G) is the conjugate space to C{G) (i.e. 
the space of linear continuous functionals on C{G)). This and other conjugate spaces 
we consider in special topology — of uniform convergence on totally bounded sets. If 
one always considers conjugate spaces in this topology, almost all classical spaces be- 
come reflexive, in particular, every Banach or Frechet space, or the spaces C{G) and 
Mo{G) for a locally compact group G. The theory of spaces reflexive in this sense was 
started by Smith |35] and Brauner |6], and an extensive theory including applications 
to topological algebra has been developed by Akbarov [H |2] . Following the terminology 
of the last author, we call these spaces stereotype. For convenience we pinpoint this 
definitions: 

Notations 2.7. If X is a locally convex space, X* denotes the space of all linear 
continuous functionals on X in the topology of uniform convergence on totally bounded 
sets. If X is isomorphic to (X*)*, X is called a stereotype space. 

Thus, Mo(G) = C(G)*. It may be noted that for all stereotype spaces the following 
two topologies on the conjugate space coincide: of uniform convergence on totally 
bounded and on compact sets. This is true, in particular, for G{G) and its conjugate 
space Mo(G). We will use the following properties of the space Mq{G): 

Proposition 2.8. Let G be a locally compact group. Then: 

(i) G is homeomorphically imbedded into Mq{G) via delta- functions, t ^ St; 

(a) the linear span of delta-functions is dense in Mq{G). 

Proof. It is known that the mapping of G as delta-functions is continuous [H Theorem 
10.11]. Since continuous functions on G separate points of G, this map is injective. 
Finally, it is well-known that a continuous injection of a locally compact space is a 
homeomorphism. 

The conjugate space to Mq{G) is C{G) [1, Example 10.7] with natural pairing, what 
means that the values of a linear continuous functional / on Mq{G) are completely 
determined by its values on delta-functions; this proves (ii). □ 

Notations 2.9. The C*-envelope Mo(G)^ of Mo(G) will be denoted by C{G). The set 
V{Ma{G)) will be also denoted by V{G). For p e V{G) we denote C;{G) = G;{Mo{G)), 

and also C*{G) is p is the norm of a representation vr. Thus, C{G) = limC*(G). Note 

that we do not use the reduced C*-algebra of G, and the notation C*{G), if used, 
means just the C*-algebra associated to a seminorm r G V{G). If G is an Abelian or 
compact locally compact group, G denotes its dual group or dual space respectively. 

In our scheme, C{G) is the dual algebra to C{G). Later we will show that this 
procedure of passing to the C*-envelope of the conjugate space returns us to C(G), if 
G is a SIN-group. 



DUALITY FOR SIN-GROUPS 



5 



Every C*-seminorm p G 'P(G) generates a *-homomorphism of Mo{G) into a C*- 
algebra, which may be further mapped into the algebra B{H) of bounded operators on 
a Hilbert space H. Let us denote this homomorphism ip : Mq{G) — > B{H). The unit 5e 
of Mq{G) is mapped into a projection, but one can assume that it is mapped into Ijj, 
reducing H if necessary. This reduction will not change p. Now, as 5t * = 6e, then 
ip{St)4'{6t)* = Ih, i-e. all operators Ut = i'iSt) are unitary. We see that p generates a 
unitary representation of G; it is important to note that it is norm continuous. 

Conversely, every norm continuous representation of G generates (via delta-functions) 
a non-degenerate norm continuous representation of Mq{G), and consequently, a C*- 
seminorm on Mo{G) [H 10.12]. 

Two representations of G may not be equivalent even if they generate the same 
seminorm, for example, vr and tt © vr. 

Now we will describe C (G) in the particular cases of Abelian and compact groups. 

Theorem 2.10. Let G be an Abelian locally compact group, and let G be its dual 
group. Then C{G) coincides with the algebra C{G), taken with the topology of uniform 
convergence on compact sets. 

Proof. Denote for brevity A = Mq(G). It is evident that for every compact set K d G 
the seminorm 

Pxi^) = max 

has the C*-property (here fi is the Fourier transform of /i). We show that every other 
C*-seminorm p equals px for some compact K G G. 

For every p, Ap is a unital C*-algebra. As it is commutative, it is isomorphic to the 
function algebra C(f2) on a compact space fl. Every point u E Q defines a continuous 
character of the algebra Ap] and since the map A Ap is continuous, the restriction 
of u onto A is also a continuous character of A. 

As it was said before, all such characters may be identified with the points of the 
dual group G \T, 10.12]. Thus, we get a homeomorphic imbedding ip : Q ^ G, with 

p{fi) = max|/i(w)| = max \fi{t)\, 

ojGO t£ip{n) 

i.e. p = Pip{n)- This proves the theorem. □ 
To describe G{G) in the compact case, we need the following |3ll Corollary 2]: 

Lemma 2.11. In the decomposition of a norm continuous representation T of a com- 
pact group G into irreducible representations there may be only a finite number of 
non- equivalent representations . 

Theorem 2.12. For a compact group G algebra C{G) is equal to the direct product of 
the matrix algebras G*{G) over all irreducible representations vr. 

Proof. By lemma I2.1H for every vr we have a finite set s(7r) C G such that vr = (Bjes{iT)TTj, 
and hence C*{G) = Y[jes(Tv)^nji^)- Conversely, every finite set generates a norm 
continuous representation. Next we show that if p = ||7r||, q = \\t\\ and p ^ q, then 
s(7r) C s(r). This is sufficient to prove for an irreducible representation vr G G. Since 
p ^ q, we have an epimorphism R : G*{G) C*{G). Here C*{G) and all G*.{G), 
j G s(r), are just full matrix algebras, and simple reasoning shows that the restriction 
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of R onto C*.{G) X Ilfc^jiO} isomorphism for one j and zero for others. This 

means that vr is equivalent to Tj. 

Thus, C{G) is equal to the inverse limit of finite direct products of C*{G) over tt G G, 
ordered by inclusion, but this is the direct product of all C^iG) over tt E G. □ 

3. The space of coefficients and SIN-groups 

Now we will discuss the conjugate space ]C{G) = {C{G)Y to the space C{G). As 
G is continuously imbedded into Mo{G), t 6t, every functional / G /C(G) generates 
a continuous function on the group G. Moreover, if two functionals are equal on 5- 
functions, then by density they are equal also on Mq{G) and on the entire algebra C{G). 
We identify therefore / with the function on G defined in this way and represent IC{G) 
as a subalgebra in G{G). As usual, we endow }C{G) with the topology of uniform 
convergence on totally bounded sets in C{G). 

Recall that an inverse limit X = limXa is called reduced if the canonical projection 

of X is dense in every Xa- By definition the inverse limit A = lim Ap, p G V{A), 

is reduced. We will need the following simple result, close to a classical one [33| 
Theorem 4.4]: 

Lemma 3.1. Let X = limX^ be a reduced inverse limit of locally convex spaces. Then, 

as a set, X* = UX*, and all inclusions X* X* are continuous. If a set B C X* is 
dense in every X* then it is dense in X*. 

Proof. The equality X* = UX* is classical [33| Theorem 4.4]. The inclusion X* X* 
is given by the composition with the canonical projection tTq, : X ^ X„. To prove 
that it is continuous, take a totally bounded set K <Z X. Then HaiK) is also totally 
bounded, so that pk ^ Pna{K)- It follows that the topology of X* is not stronger than 
the inductive limit topology. 

It is easy to see that the set B is dense in X in the inductive limit topology, and the 
density statement follows. □ 

Let us denote /Cp(G) = then it follows that JC{G) = UJCp{G). 

Proposition 3.2. IC{G) has the following properties: 

(1) JC{G) is equal to the space of the coefficients of all norm- continuous unitary 
representations of G; 

(2) fC{G) contains the constant 1; 

(3) all functions f G 1C{G) are hounded; 

(4) 1C{G) is contained in the linear span of all positive-definite functions on G. 

Proof. Only first statement needs proof. Every / G ICp{G) may be represented as 
a linear combination of positive functionals on C*{G). In their turn, they are the 
coefficients of representations of the algebra G*{G), and this is the same as norm 
continuous representations G. □ 

Example 3.3. Discrete groups. If G is discrete, algebras C*{G) correspond to all 
representations of G, as they are all continuous. In particular, consider the regular 
representation on the space L2{G): Ugfit) = ip{s~H). Take ip = le, 'ip = h (indicator 
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belongs to 1C{G). Thus, /C(G) contains all finitely supported functions on G. In 
general the regular representation is not norm continuous and /C(G) does not contain 
its coefficients. 

Lemma 3.4. Linear span of the coefficients of irreducible norm continuous represen- 
tations is dense in IC{G). 

Proof. It is known that the linear span of pure states on C*{G) is weakly dense in 
}Cp{G), and the representation corresponding to a pure state is irreducible [H]. As the 
unit ball Bp of }Cp{G) is compact in the topology of uniform convergence on compact 
sets in C*(G) |li Example 4.6], this topology coincides with the weak topology on Bp. 
Thus, the linear span of pure states is dense in every Bp and therefore in every ICp{G). 
By lemma [3TT] it is also dense in 1C{G). □ 

Lemma 3.5. 1C{G) is closed under pointwise multiplication and complex conjugation. 

Proof. Take f,g E K{G) and prove that f ■ g E IC{G). There exist C*-seminorms p,q 
such that / e /Cp(G), g e lCq{G). Consider any C*-tensor product C = (g) C*(G) 

of the algebras C*(G) and C*{G). The mapping U : G ^ C, t ip{dt) ^ iq{6t) 
(see notations 12.31) . is a unitary representation of G in the Hilbert space where C acts 
non-degenerately. It generates a representation of Mq{G) and thus a continuous G*- 
seminorm r on Mo(G), so that C = G*{G). 

Any continuous linear functional on a C*-algebra may be represented as a linear 
combination of states [201 4.3.7], thus we can assume that / and g are states. Then 
there exists [201 11-3] a product state r on C such that r(x ® y) = f{x) ■ g{y) for all 
X G G;{G), y e G^Ig). For t G G we have then r(t) = r(v(5t)) = f{t) ■ g{t), so 
fg G ]C{G) and we have proved the first statement. 



The second statement is proved exactly as in general theory (e.g. 27.26]). □ 

Our aim is the commutative duality diagram ([T]), and for this we need that )C{G)^ = 
G{G). To have this equality, it is necessary that fC{G) separates points of G. Probably 
it is also sufficient, but instead of studying this question we restrict ourselves to a 
slightly narrower class of SIN-groups, i.e. groups with a basis of invariant neighbor- 
hoods of identity {U is invariant if gUg~^ = U for all g & G). This class includes all 
Abelian, compact and discrete groups and should be close to the maximal class. 

SIN-groups were introduced and studied in detail by Grosser and Moskowitz [TB] . 
A SIN-group can be equivalently defined as a group on which left and right uniform 
structures are equivalent, in particular, these groups are always unimodular. For con- 
nected groups, this class coincides with that of MAP-groups (maximally almost pe- 
riodic, or groups on which finite-dimensional unitary representations separate points) 
and Z-groups (such that the quotient group over the center is compact). A connected 
SIN-group is a direct product of M" by a compact group. There is a complete structure 
theorem for SIN-groups [1^: a group G is [SIN] if and only if it is an extension 



where D is discrete, V x K is a direct product, V ~ M", K is compact, and both K,V 
are normal in G. We will use these notations further. 




l^N = VxK^G^D^l, 



(2) 
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Having this decomposition, we naturally use the Mackey's construction of induced 
representations [26j|. Mackey machine requires the group to be separable, but when 
inducing from an open subgroup, this is not necessary. Let tt be a unitary representation 
of in a Hilbert space H. There are two realization of the induced representation T. 
The first one acts on the space L2{G, H) of square-summable if- valued functions such 
that f{^g) = TiiOfig) for all ^ G iV, 51 e G. The action is given by Tgf{h) = f{hg). 

In the second realization, T acts on 1^2 (-D, H). We fix any map s : D ^ G such that 
Ns{x) = X, then T acts as 

{Tgf){x) = n{s^gs-^)f{xg). (3) 

Lemma 3.6. // a unitary representation n of N is norm continuous, then the induced 
representation T of G is also norm continuous. 

Proof. For proof, we use the realization ([3]) of T on L2{D,H). Take e > 0. By 
assumption there is a neighborhood of identity U in A^, such that ||vr(5f) — < ^ 
when g E U. Since N is open, U is at the same time a neighborhood of identity in 
G. Since G is a SIN-group, there exists another neighborhood of identity W such that 
gWg-^ CW CU for allge G. Take now / G L2{D, H): 

xeD 

If g E W G N, then xg = x, so that 

\\TJ - /f = E hi^^9s7/){f{x)) - f{x)r < E M'^9S7/) - InrUixW. 

xeD xGD 

Moreover, s^gs'^ G W, so that Wir^s^gs'^) — 1h\\ < s, and it follows that \\Tgf — f\\ < 
what proves the lemma. □ 

The following lemma states that is a Moore group [29t Theorems 12.4.16 and 
12.4.28]. 

Lemma 3.7. All irreducible representations of the group N = 'R"' x K, where K is a 
compact group, are finite-dimensional. 

Lemma 3.8. Linear combinations of the functions of the type f{v)g{k), where f G 
)C(y), g G fC{K), span a dense subspace in fC{N). 

Proof. If p, (T are representations of V and K in spaces Hi,H2 respectively, one can 
define a representation tt of in i^i © H2 as 7i{v, x)(a;i, X2) = {p{v)xi, (t(x)x2). Then 
all functions / G JCiV) and g G K,{K) will be coefficients of vr and thus belong to }C{N). 
By lemma ESI f{y)g{>c) G 1C{G) as well. 

Now we prove that the linear span of such products is dense in }C{N). Let F{g) = 
{'^{g)^yV) be a coefficient of a representation vr of A^. Restrictions p = tt\v, <j = 7r|^ 
are representations of the groups V and K respectively. Then F may be represented 
in the following form: 



F{g) = F{vh) = {7r{vx)^,r]) = {p{v)(r{H)^,r]) = {a{x)i, p{vYri) . 
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By lemma 13741 we may assume that vr is irreducible, and then by lemma 13771 it is finite- 
dimensional. Choose an orthonormal basis {ej}[L^ of if, then 

n n 
i=l i=l 

where ) = {p{v)ei, rj) and gi{>c) = (cr(x),^, Cj) are coefficients of p and a respectively. 
This proves the lemma. □ 

Let Ix denote the indicator function of a set X. 

Lemma 3.9. The space )C{G) contains all functions of the type ip{g) = ItN f {gt~^) , 
where teG, f E 1C{N). Conversely, if ItNf{gt-^) G K{G), then f G IC{N). 

Proof. Let f{x) = {7i{x)C,,ri) be a coefficient of a representation vr of N, and let T be 
the induced representation of G acting by formula For t G G let G X be such 
that ut = St (recall that X is a normal subgroup and its left and right cosets coincide). 
Put ( = 7r(i/)*^ and define functions u = 6tC, v = SeTj in L2{D, H). Then 

{TgU,v) = J2{Tgu{r),v{r)) = {{Tgu) (e) , r]) = {7i{gSg^)u{gN),r]) . 

reD 

This differs from zero only if gN = tN. In this case Sg = St = z^t, and {TgU, v) = 

{'^{9sT^)C,v) = (7i"(^t"^)7r(z/)-^C,^) = {'^{9t'^)^,v) = figt'^), whence {TgU,v) = 
(p{g). This proves the first statement. 

Let now ip{g) = ItNfigt^^) = {'^{.g)iiV) be a coefficient of the representation vr. For 
g = ut e tN = Nt we have ip{g) = {7i{ut)^,r]) = {n{u)^,7i{t)*r]) = f{u). We see that 
/(t/) is a coefficient of the restriction of n onto N (which is a representation of N in 
the same space). □ 

Corollary 3.10. On any SIN-group G, 

(1) norm continuous unitary representations separate points; 

(2) the algebra 1C{G) separates points. 

Proof. Due to proposition 13.21 these statements are equivalent. By lemma 13.71 the 
subgroup X is a Moore group, so finite-dimensional unitary representations separate 
its points. All of them are norm continuous. Now the statements follow directly from 
lemma 13. 9[ □ 

4. Duality diagram for SIN-groups 

In this section we prove the main theorem 14. 5[ We remind that a character of an 
algebra is assumed to be nonzero. G is in this section a SIN-group. 

Theorem 4.1. Let A he a commutative unital algebra with involution, which is a locally 
convex space. Let X he the set of involutive continuous characters of A, in the weak-* 
topology of the dual space. Then the C* -envelope A^ of A is C{X). 

Proof. For every element a G A, t n- t{a) is by definition a continuous function on 
X. If if C X is compact, then p{a) = sup^^g^^ \ is a C*-seminorm. Conversely, 
let p be a continuous C*-seminorm on A. Then Ap is a commutative C*-algebra, thus 
isomorphic to C{K), where K is the set of its characters in the weak-* topology. If ip 
is the canonical map from A to Ap, then i* maps i^ to X, and it is easy to see that i* 
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is continuous and injective, so that it is a homeomorphism. Thus, and C{X) are 
inverse hmits of equal systems of algebras: 

= limAp = limC{K) = C{X). 

Lemma 4.2. Let G be a compact group. For every involutive character x of 1C{G) 
there is t E G such that xif) = fif) for all f G fC{G). 

Proof. Among the representations corresponding to seminorms p there are, in particu- 
lar, all irreducible unitary continuous representations. It follows that the algebra K,{G) 
contains their coefficients, i.e. the classical space T(G') of trigonometric polynomials 
HSl 27.7]. 

Let X be an involutive character of the algebra /C(G). Its restriction onto T(G') is 
also an involutive character, and it is known [18, 30.5] that then x{f) = /(^) for some 
point t & G and all / G %{G). As T(G') is dense in IC{G) by lemma [331 this is true for 
all / G /C(G) as well. □ 

Lemma 4.3. In the notations (|2]), every involutive continuous character x of the 
algebra }C{N) is of the type xif) = f{t) for some point t E N. 



Proof. By lemma [378| algebras ]C{V) and JC{K) may be considered as subalgebras in 
]C{N) (since each of them contains the constant 1 function). Restrictions of ip onto 
)C{V) and K,{K) are characters of these algebras. By lemmas 12. lUt I4.2l there are Vq G V, 
kq e K such that ^(/) = f{vo) for all / G 1C{V), ip{f) = /(xq) for all / G IC{K). 
Consequently, = fiy^xo) for all / in ICiV) ■ JC{K), and by lemma [H75| since (p is 
continuous, for all / G )C{G) as well. □ 

Theorem 4.4. The set of involutive continuous characters of the algebra /C(G) may 
be identified with the points of the group G. 

Proof. Let ip : /C(G) — )• C be a character. As 1^^ = ItN for any t E G, then ip{ItN) 
equals or 1. If sN ^ tN, then Isn + Un is also an idempotent, so that (p{IsN + ItN) 
is also or 1. From this it follows that (p{ItN) differs from zero on one coset t^N only. 

Let us denote ^f{x) = f(t~^x). Let ipif) = then ip is also a character of 

)C{G), and iPIIn) = 1- The restriction of ip onto }C{N) is a character of this algebra. 
By lemma 14.31 ip{f) = /(z^) for some u E N. Then (p{f) = f) = /(^o^) for 
translations of }C{N), and by lemma |3?9] this is the same as all functions with supports 
in toN. Finally, as = (p{ItoNf) for any / G /C(G'), the equality = f(tou) 

holds for all / G /C(G'). □ 



This theorem is close to the theorem of Eymard [13], which states that on the 
algebra of coefficients of the regular representation of a locally compact group G, the 
only characters are the points of G. But our theorem does not follow from Eymard's, 
as the regular representation is continuous on a discrete group only. And also, theorem 
14.41 is not valid for a general locally compact group. 

We can now return to the diagram ([1]): 
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Theorem 4.5. For any SIN-group G, the following diagram commutes: 

C{G) I > Mo(G) 



C* —cnv 



C* 



}C{G)< *- idiG) 

Proof. We need only to note that it follows from theorems 14.41 and 14.11 that the C*- 
envelope of the algebra /C(G') coincides with C{G). □ 

5. Structure of the dual algebra 

Theorems 12.101 and 12.121 give the description of the dual algebras for Abelian and 
compact groups. Now we describe the algebra C{G) for a discrete group G. 

Theorem 5.1. A group G is discrete if and only if C{G) is a Banach algebra. In this 
case, C{G) is equal to the classical group C* -algebra C*{G). 

Proof. Let G be discrete. Then any representation of G is norm continuous, thus 
all the C*-seminorms are continuous on Mq{G). The supremum Pmax of all these 
seminorms is finite and equal to the classical C*-norm of ^i(G'), restricted to Mq{G) 
(which is contained in ^l{G) in this case). From the other side, being a C*-norm, Pmax 
is contained in V{G). Thus, Pmax is the maximal element in V{G), so the inverse limit 
C{G) equals [HI Corollary 2.5.12] to the corresponding Banach algebra Cp^^^, that is, 
to the classical algebra C*{G) = C{G). Note that the dual space {C*{G))* is equal to 
the Fourier-Stieltjes algebra B{G) defined by Eymard ^ISJ, but taken with a weaker 
topology. 

Conversely, let C{G) be a Banach algebra. Then its C*-normp belongs to V{Mq{G)) 
and C{G) = Cp. We know that G is homeomorphically imbedded into Mq{G) via delta- 
functions (Proposition 12. 8p . therefore it is sufficient to show that p {6t — 6e)^l for any 
t ^ e. It is clear that p (Sf — Se) ^ \ip(t) — ip{e)\ = \ip(t) — l\ for any state ip of any algebra 
Cq, q G V{G), when ip is identified with a function on G. Since 1C{G) separates points 
of G and is contained in the linear span of positive-definite functions (proposition 13. 2p . 
we can always find a positive-definite function if) such that ipit) ^ ipi^e) = 1; we will 
have automatically \ipit)\ ^ 1 P 13.4.3]. By lemma |33| }C{G) is closed under pointwise 
multiplication and conjugation. If \ip{t)\ = 1, then for some n we have \ip{t)^ — 1| ^ 1; 
if lipit)] < 1, we can put = I'^/'P", then |v5n(^)| — > 0, n — )• oo. In both cases it follows 
that p(5i - 4) ^ 1. □ 

Next we turn to direct products of SIN-groups and show (Corollary 15. 3p that they 
correspond to tensor products of group algebras. As with C*-algebras (see, e.g., [20]). 
there is a range of possible tensor products on pro-C*-algebras. The maximal C*-tensor 
product that we use was generalized to pro-C*-algebras by Phillips [30]. If A = lim Ap, 

B = liming, then A ^ B = lim Ap Bg over pairs {p,q) directed coordinatewisely 

< — max < — max 

[301 Proposition 3.2]. This property, used without further reference, may be taken 
as definition of the maximal tensor product . As expected, ® is associative and 

max max 

commutative; A (g) C ~ A for any A. 



max 
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Theorem 5.2. Let C he an algebra with a locally convex topology and let A, B he its 

commuting suhalgehras such that the subalgebra (AB) generated by A and B is dense 
in C. If every pair of continuous commuting representations of A and B in the same 
space may be extended to a continuous representation of C , then = A^ ® B^ . 

max 

Proof. Let A^ = \im Ap, B^ = limSg, then A^ ^ B^ = \im Ap (g) Bq. For a pah 

< — < — max < — max 

{p,q) let S, T be representations of A and B such that IKS' (8)T)(7)|| = ||7|| for any 
7 G ® 5^ (this is a C*-algebra, so such representations exist). By assumption 

max 

there is a representation U of C such that U\a = S o Tp, U\b = T oTq. Let Tpq be the 
corresponding C*-seminorm on C. The C*-algebra Cr-^^ is the closure of U{C) and, 
since {AB) is dense in C, also the closure of the linear span of S{Ap)T{Bq). The latter 
algebra is isomorphic to Ap ® Bg, so Cr^^ — Ap ® Bg. Let (ppg : Ap ® Bg ^ Cr^^ 

max max max 

denote this isomorphism. 

For any other seminorm r on C we have restrictions p = and q = r\B, and since 
r is defined by a pair of commuting representations, it is not greater than the norm of 
Ap (g) Bg, i.e. r ^ Vpg. Thus, Pmax = {i^pq} is a cofinal set in V{C). 

max 

Now we map an element u = (upg) G ® B^ to ij^u) = (i^pqiupg)) G nC*rpq- 

max 

Obviously the coordinates we get agree with the order of seminorms on C, so we fall 
into the projection of from nrGP(c) ^'^ Ilre-Pmax Then, since every ippg is an 
isomorphism and "Pmax is cofinal in V{C), A^ (g) B^ is homeomorphic to ip^A^ ^ B^) 

max max 

and to [11, Propositions 2.5.10 and 2.5.11]. One can easily check that is it also a 
*-algebra homomorphism, and this proves the theorem. □ 

Corollary 5.3. d{G x H) = C{G) (g) d{H) for any SIN-groups G and H. 

max 

Proof. We can apply theorem O with A = Mq{G), B = Mq{H) and G = Mq{G x H). 
Here {AB) is the linear span of all delta- functions, since (5s,e ■ ^e,t = Ss,t, and so it is 
dense in Mo{G x H). Next, every pair of commuting representations of G and H defines 
a representation of G x if (with the same type of continuity); and bijection between 
representations of groups and their measure algebras gives us the required extension 
property. □ 

After several lemmas, we describe algebra G (G) in more detail. Theorem 15.81 gives 
decomposition of all representations of G into finite sums corresponding to different 
irreducible representations ir E K of the compact subgroup K. It follows (corollary 
I5.10p that G{G) is a direct product of algebras G*{G) each of which corresponds to a 
unique representation tt E K. 

The following lemma is a particular case of [301 Proposition 3.4]: 

Lemma 5.4. For any pro-G* -algebra A and a locally compact space M, G{M) ® A 

max 

is isomorphic to the algebra G{M,A) of continuous functions from M to A, in the 
topology of uniform convergence on compact sets. 

Lemma 5.5. Let G be a SIN-group. In notations ([2]), for t E D denote Nt = {fi E 
Mq{G) : supp ^ C tN}. Then a seminorm p on Mq{G) is continuous if and only if its 
restriction to every Nf, t E D, is continuous. 
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Proof. Recall that the topology of Mo(G) is defined by the system of seminorms PL(/i) = 
supjg^ where L runs over all totally bounded sets in C{G). A set L C C{G) 

is totally bounded if and only if it is uniformly bounded and equicontinuous on every 
compact set 5 C G [22l Theorem 7.17]. Such a set S intersects with only finitely 
many open cosets tN, t & D; thus the said conditions for S hold iff they do for every 
intersection S fl (tN). But this means exactly that L is totally bounded iff the family 
of its restrictions Lt = {f\tN : / G L} is totally bounded in every space C(tN), t E D. 

The set L = {f : f\tN & Lt} is also totally bounded, so pi is a continuous seminorm 
on Mq{G); since Pl ^ VLi Vl is, also continuous on Mq{G). □ 

Lemma 5.6. Let G he a SIN-group with a decomposition ([2]). Then 

(1) for any seminorm po G V{N), there exists a seminorm p G V{G) such that 
p\ciN) = Po; 

(2) the supremum of all such seminorms pmax = sup{p G V{G) : p|(5(jv) — Vo} is 
finite and contained in V{G); 

(3) if q e V{G) and q\c(^N) ^ Po, then q ^ p^ax- 

Proof. (1) Let po G V{N). It corresponds to a representation of A^, which induces a 
representation T of G (lemma [3.61) : then the seminorm p corresponding to T satisfies 

p\e(N) = Po- 

(2) Let /i G Mo(G) be a compactly supported measure, and for t G -D let fit be 
restriction of /i onto tN. Since the cosets tN are open, only finite number of fit is 
nonzero. Since 6t is a unitary element, p{fit) = p{St-i * fit)', now we see that 

P(^) ^ ^^Pif^t) = "^Poi^t-^ * f^t) = (4) 

tGD teD 

where the right-hand side does not depend on p. Thus, pmax ^ p < oo. By lemma [531 
p is continuous on Mo(G), so the same is true for Pmax- We need only to add that the 
supremum of a family of C*-seminorms is also a C*-seminorm. 

(3) Let r = max(g,pmax)- By assumption rl^f^j^^ = po, so by (2) r ^ Pmax- It follows 
that r = pmax, that is, q ^ p^ax- □ 

Lemma 5.7. Let n E K and let be its character. Define a measure Xn on G as 
Xirif) = IxfXn - Then Xn is central m Mq{G). 

Proof. It is a classical fact that x-n commutes with 5t for t E K. Let now t E G \ K, 
and let ^ = 6tXn^r^- Since K is normal, ^ G C{K). Let us compare Fourier transforms 
of ^ and Xtt- If cr 7^ tt, then (t(^) = 0, as (t{x-k) = 0. Let be the representation of G 
induced by tt. Then Tt^{x-k) = id, as it may be seen from the explicit construction of 
T^. It follows that T^(0 = TT,{5tXiT^t^) = id. And it is easy to notice that then also 
7r(,^) = id. This yields ^ = Xtd what proves the lemma. □ 

Theorem 5.8. Every norm continuous representation T of G is a finite direct sum of 
representations such that Tt,\k is a multiple of a single irreducible representation 
IT E K. 

Proof. For fi E Mo{G), put T,r(At) = T{xnfJ'Xn)- This is a subrepresentation of T such 
that Tt^\k is a multiple of tt. From lemma [2.111 it follows that is nonzero for finite 
number of vr. Since Xtt * Xo- = for vr 7^ a, T is the direct sum of T^. □ 
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Before we can formulate corollaries on the structure of C{G), let us describe the 
seminorms on C{N). In notations ([2]), by lemmas [5.3112.10] and 15.41 we have 

d{N) = C(M" xK) = C{W) ® d{K) = C(M") ® C{K) = C(M", C{K)). (5) 

max max 

A defining system of seminorms on C{N) has then the following form: for A; G N and 
a = {tti, . . .,7lm} C K 

Pfc,a(/i) = sup max I c;(G), (6) 

where |x| is any fixed norm in M". 

Corollary 5.9. For every a C K and k E N, p™'^ = maxlp™^"" : tt E a}. 

Proof. There is a representation T such that p™^^ = ||T||. By the preceding theorem 
we have finite decompositions T = ©T^ and T\k = ©vr. T\v is the multiplication in 
L2{M) for some compact set M C M"; easy to show that M C {x : ^ k}. Then 
||^7r|Af|| ^ Pfc,7r, and by lemma I^TBl (3) ||T^|| ^ VkT^ what proves the statement. □ 

Corollary 5.10. For a SIN-group G, C{G) = IlTreA' where G.^ = lim C*max(G') if 
V 7^ {0} and Gt^ = C*max(G') otherwise. 

Corollary 5.11. The category of pro-G*- algebras which are direct products of 

Frechet spaces contains G{G) and G{G) for all SIN-groups G and is closed under 
tensor products. Every space in this category is stereotype. 

Proof. Due to decomposition ([2]), G{G) is homeomorphic to G{N)^ as a locally convex 
space. Since G{N) is a Frechet space, G{G) E ^CJ- Every Gt, in lemma [5.101 is a 
countable inverse limit of Banach spaces, so it is a Frechet space, thus G{G) E ^^d- 
Direct product of Frechet spaces is stereotype by [11 4.4 and 4.20]. □ 

6. HOPF PRO-C*-ALGEBRAS 

In this section we show that SIN-groups may be imbedded into a category of Hopf 
pro-C*-algebras, reflexive with respect to the duality map A i-^ A = A*^. In section E] 
we prove that it contains also the SUq{2) group. We must note that these are not Hopf 
algebras in strict algebraic sense (definitions are given below). Therefore, in section 
[7] the work is continued and we introduce another category of strictly defined Hopf 
algebras; we show that all Moore groups, but not all SIN-groups are imbedded into 
this second category. 

We consider only unital algebras over C. General definitions of an algebra, coalgebra 
and a Hopf algebra in a tensor category may be found in [7j. To indicate the tensor 
product we use the terms ®-algebra, (8>-coalgebra and so on. 

For us, categories will consist of topological algebras (pro-C*-algebras and their 
conjugate spaces) and respective topological tensor products. If A is a ©-algebra, in 
analytical language this means that the multiplication m : Ax A ^ A may be extended 
to a continuous map m : A ® A ^ A. The notations m, A and e will be used for 
multiplication, unit, comultiplication and counit in any algebra or coalgebra within 
this section. 

A ©-algebra with continuous involution * will be called an involutive ^-algebra. An 
algebra morphism (f is a morphism of involutive algebras if ip{a)* = (f{a*). Recall that 
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in a Hopf algebra with involution one requires that A and e be *-homomorphisms [7]. 
To indicate the corresponding tensor product, we use the term ®-Hopf *- algebra. 

Our main category €. is that of pro-C*-algebras with continuous *-homomorphisms. 
In general, *-homomorphisms are not automatically continuous, in contrast to Banach 
C*-algebras. £ is a tensor category with ® . 

max 

For any locally compact group G, C{G) is a -Hopf *-algebra. This is evident if 

max 

we note that C{G) ® G{G) = C{G x G). This is not always the case for the dual 

max 

algebra C{G). The class of groups such that C{G) is a (g) -Hopf *-algebra is close to 

max 

Moore groups. We call a ® -algebra also a strict Hopf pro-G*- algebra. Motivation for 

max 

this term and further properties of strict algebras are postponed till section [71 

Nevertheless, C{G) is always a Hopf algebra in the following sense (note that here, 
in fact, two different tensor products are used — one for multiplication and another 
for comultiplication): 

Definition 6.1. A Hopf pro-G* algebra is a pro-C*-algebra which is a ® -coalgebra 

max 

such that its comultiplication and counit are *-homomorphisms. 

Every strict Hopf pro-C*-algebra is a Hopf pro-C*-algebra, but in general converse 
is not true. In the rest of the section, we define a subcategory of reflexive Hopf 

pro-C*-algebras and a duality A A = A*^ on it. 

The category of Hopf pro-C*-algebras is closed under tensor products: 

Lemma 6.2. If A and B are Hopf pro-G* -algebras, then so is A ® B. 

max 

Proof. All structural mappings are *-homomorphisms, so they may be extended con- 
tinuously to respective tensor products. □ 

Let denote the category of conjugate spaces to pro-C*-algebras, with continuous 
linear maps as morphisms. In order to have a well-defined algebra structure on the 
conjugate space A* of a pro-C*-algebra A, we need that A be stereotype. Then we 
can define a tensor product M ® N = (M* ® N*)* for conjugate spaces of stereotype 

max 

algebras. Since it is unknown in general whether the maximal tensor product preserves 
the property of being stereotype, these conjugate spaces do not form a tensor category. 
Nevertheless, it is possible to define ©-algebras, coalgebras, Hopf algebras with the help 
of conjugate maps to structural maps in <t. Further we will use the terms ®-algebra, 
®-coalgebra, ®-Hopf *-algebra in this limited sense. 

Definition 6.3. Let A be a stereotype Hopf pro-C*-algebra. Then A* is a topological 
algebra with involution, and we can define its C*-envelope (A*)^. This algebra will be 
denoted A and will be called the dual algebra to A. 

In general, there may be no natural structure of a Hopf algebra on A. We will con- 
tinue to describe cases where this structure exists and show that it exists, in particular, 
on group algebras G{G). 

Lemma 6.4. For every stereotype Hopf pro-G* -algebra A, there is an injective contin- 
uous linear map I : (A)* — )• A. 
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Proof. First of all, composition with i : A* ^ A of every ip G (A)* is a continuous 
linear functional I{(p) = (p o i on A*, and by duality /(v?) £ ^- Next, since i{A*) is 
dense in A, this mapping y9 i— )■ /(v^) is injective. Further, every seminorm on A has 
form p{a) = sup^g^ for a totally bounded set M C A*. Its image i{M) C A 

is also totally bounded, thus p{a) = sup^gj(A4') is a continuous seminorm on A*. 

This shows that / : (A)* A is continuous. □ 

This inclusion / allows to define a multiplication on (A)*. In general, ■ lijp) 
may not belong to /((A)*), but if this is the case and if multiplication, defined in this 
way, may be extended continuously to [A]* ® [A)* (this has to be checked separately 
in each case), then {A)* is a ©-algebra. If A is stereotype, then A acquires a natural 
structure of a (g) -coalgebra. We will say then that A is a Hopf pro-C*-algebra with 

max 

dual to A structure. Thus we come to the following category: 

Theorem 6.5. On the category of Hopf pro-C* -algebras A such that A and A are 
stereotype and A has dual structure of a Hopf pro-C* -algebra, A \^ A is a functor. 

Proof. If 9? : y4 — 7- i? is a morphism in £, then (p is defined in the following natural 
way. The conjugate map ip* : B* ^ A* is a *-homomorphism of ©-algebras, and 
by universality it may be extended to a *-homomorphism of respective C*-envelopes 
ip: B ^ A. 

For any ^ G (A)* and /3 G -B* we have pairings in A, A* and B,B*: 

Thus, on /((A)*) we have ipl = (ip)*- Since multiplication on (A)* agrees with that 
on A, (ip)* is a homomorphism, so is a coalgebra morphism. The rest details are 
obvious. □ 

Theorem 6.6. If A is a stereotype ® -coalgebra, then its conjugate space A* is a ®- 

max 

algebra. If A is a stereotype strict Hopf pro-C* -algebra, then its conjugate space A* is 
a ®-Hopf *-algebra. 

Proof. This follows automatically from the diagrams in definitions by taking conjugate 
operators. □ 

In the following lemma we prove that A is automatically a Hopf pro-C*-algebra under 
certain conditions. One of requirements is that the antipode is a *-antihomomorphism, 
i.e. S{a*) = S{a)* (besides the usual condition S{ab) = S{b)S{a)). This is equivalent 
to the identity S"^ = id, what follows from the equality S{x)* = S~^{x*) [7, 4.1]. 

Lemma 6.7. Let A be a strict Hopf pro-C* -algebra such that {A* ® A*)^ = A ® A. 

max 

Then A*^ with structural maps extended by continuity from A* is a (g) -coalgebra; if, 

max 

in addition, S"^ = id for the antipode of A, then A is a Hopf pro-C* -algebra. 



Proof. By theorem 16. 6[ A* is a ©-Hopf *-algebra. Its comultiplication A and counit £ 
are *-homomorphisms, and they are extended to *-homomorphisms of respective C*- 
envelopes by the universality property. If S"^ = id, then the same indentity S"^ = id 
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holds for the antipode S oi A*, and from the known relations between antipode and 
involution [2TI 1.2.7] it follows that o * is a *-homomorphism: [S o *)(a*) = S{a) = 
S~^{a) = (*oS'o*)(a) = (5*0*) (a)*. Thus, it is extended by continuity to the envelope 
A. It remains to note that S = S o * o * and the involution is continuous on A. □ 

Corollary 6.8. For any SIN-group G, C{G) is a Hopf pro-C* -algebra. 

Proof. We can apply lemma I^Tl with M = Mq{G), because G{G) is strict, and by 
theorem 15.31 

(Mo(G) ®Mo(G))^ = (C(G') ® CiG)y'^ = Mo{G x G)^ 

max 

= C{G xG) = d{G) ® d{G) = Mo{G)^ ® Mo(G)^. 

max max 

□ 

Definition 6.9. Let 6301 denote the category of pro-C*-algebras A such that: 

(i) the dual algebra A is well defined; 

(ii) both A and A are stereotype; 

(iii) A = A. 

Morphisms in 6 JDT are *-algebra and ® -coalgebra homomorphisms. 

max 

From the previous results follows 

Theorem 6.10. The category contains the algebras G{G) and C{G) for all SIN- 

groups G. The mapping A^ A is a contravariant duality functor on (5 J^Tl. 

In section [8] we will show that contains also the C*-algebra of the quantum 

group SUq{2). 

In the rest of the section we prove that under certain conditions ^ commutes with 
tensor products. 

Lemma 6.11. Let A and B be pro-G* -algebras. If A or B is nuclear, the algebraic 
tensor product (8) B* is dense in {A ® B)*. 

max 

Proof. Since A*, B* are the linear spans of states on A and B respectively, and any 
pair of states ip G A*, ip & B* defines a product state on A ® -B, we have a map from 

max 

A* B* to {A ® By . It is easy to check that this map is injective. 

max 



From A ® B = lim(Ap ® Bg) we have A* ® B" = \im{Ap (g) Bg)*. By lemma [3?I1 

max < — max max 

it is sufficient to prove that A* ® B* is dense in every {Ap ® Bg)*, so we may assume 

max 

that A and B are just C*-algebras. 

Since A or 5 is nuclear, A ^ B is isomorphic to their minimal (spatial) tensor 

max 

product A ® B, SO we may assume that there are Hilbert spaces Hi, H2 such that 

mill 

A C B{Hi), B C B{H2), and a ® b e A ® B acts on xi ® X2 e H = Hi ® H2 as 

mill 

axi ® bx2. Then for any u E A ® B we have 

min 

||n|| = sup {ux, y) (7) 

||x||^l,||y||^l 
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with x,y E H. Let Cq,, be bases in Hi and H2 respectively, and denote uJxy{u) = 
{ux,y). For basic vectors, uJec'Sifi3,e^'Sifr, is a product functional (indeed, if m = a®6 then 
{uea ® ® /^) = (ae^ (g) 6/^, (g) /^) = (ae„, e^){hfp, f^)). If x = Xl^^a/gCa ® //?, 
y = ^ ® then clearly in ([7]) it is enough to take x, y such that these sums are 
finite. Then we have uj^y € A* ® B* . 

Since A ® S is a Banach space, it is stereotype and therefore any linear continuous 

min 

functional ({> ow {A ® B)* is of the type v^(w) = uj{u) for some u E A ® B. From 

mill min 

preceding, if v'(w) = uj{u) = for all w G A* ® 5*, then u = 0. This proves the 
lemma. □ 



Lemma 6.12. Let A and B be stereotype Hopf pro-C* -algebras, and let M = A*, 

N = B* be their conjugate ®-algebras. If A or B is nuclear and M or N is strict, then 
(M® A^)0 = M<> ® N^. 



max 



Proof. We will prove that assumptions of theorem 15.21 hold for M, N and M ®N . First 
note that M and are imbedded into M © as subalgebras M e ® N , where 
£, e' are the units of M and respectively (the counits of A and B). The subalgebra 
generated by M and coincides with the algebraic tensor product M ^ N, which is 
dense in M ® A^ by lemma 16.111 

Next we prove that for every p G V{M), q G V{N) the seminorm p ® q oi the 

max 

maximal tensor product Mp ® Ng is continuous on M ® A^, this will show that every 

max 

pair of representations of M and A^ may be extended to a representation of M ® A^. 

It is known that a strict algebra is also nuclear (see, e.g. [251 Theorem 2.5]). Thus, its 
maximal and minimal tensor products with any C*-algebra are equal; by [U Theorem 7] 
it is also topologically isomorphic to the injective Banach space tensor product. Then 
the norm of a tensor u G Mp Ng is equal to sup((y5 ® 'ip){u) over functionals (p, i/j 

max 

in the unit balls 5*1, 5*2 of M* and A"* respectively. Any functional on Mp defines a 
functional on M, so we may assume that 5*1 C M* = A. Since 5*1 is compact in M*, 
this inclusion preserves its topology. Similarly, we assume that S2 C B. 

Now note that p{fi) = sup^^g^^ lv'(/^)l and g(z/) = sup^g^^ l^l'^)! for /i G M and 
u E N. Since p and q are continuous, by definition of topologies on M = A* and 
N = B* there exist compact sets K C A and L C B such that Si C K, S2 C L, 
so that p ^ Pk = sup^g;^ |</'(/^)l a^iid q ^ pi- It follows that Si ^ S2 C K ^ L and 
{p ® ^ Pk»l = sup^g^^^ IC('w)l- It remains only to prove a simple exercise that 

max 

K ^ L is compact in A ^ B. 

max 

In fact, every seminorm r G V{A B) has the form r = ri ^"2, where Vi G 

max max 

P(yl), r2 G V{B). We need to prove that for every e > there is a finite e-net for 
K ® L with respect to r. Since K and L are compact, Ci = sup^g^ri(x) < 00, and 
C2 = supyg^r2(?/) < 00. Let 6 < {2m.ax{Ci,C2})~^- Choose finite 5-nets {xj}^^i in 
K with respect to ri and {yk\T=i in L with respect to r2. Then {xj ® yu] is an e-net 
in ® L. □ 



Corollary 6.13. Let G and H be SIN-groups, then {C{G) ® C{H))= C{G) (g) C{H). 

max max 
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Proof. We can apply lemma [6. 121 

(CiG) ® diH)y^ = {Mo{G) ® ]C{H))^ = MoiGf ® IC{H)^ = C{G) ® C{H) 

max max max 

since the algebras G{G), }C{H) are commutative, hence nuclear and strict. □ 
Corollary 6.14. Let G and H he SIN-groups, then G{G) O C{H) e G3^. 

max 

7. Strict algebras and Moore groups 

In section [6] we have introduced the term strict H op f pro-G*- algebra as a synonym 
for a ® -Hopf *-algebra. In this section we link these algebras to strict Banach and 

max 

C*-algebras and show that G{G) is a strict algebra for any Moore group G (corollary 
17.61) . In proposition 17.71 we prove that if G is a discrete group but not Moore then 
C{G) is not strict. The C*-algebra of the quantum group SUg{2), being an analogue 
of a compact group, is nevertheless not strict either. 

Thus, there is a subcategory of &J^, self-dual with respect to which consists of 
algebras A such that both A and A are strict Hopf pro-C*-algebras. It contains the 
algebras G{G), C{G) of all Moore groups G. Interest in this category is due to the fact 
that it strictly complies to algebraical notion of Hopf algebras. 

Multiplication on a ® -algebra is connected to the following properties: 

max 

Definition 7.1. A Banach algebra A is called strict if it is a (g)- algebra with the 
injective tensor product ®- 

Definition 7.2. A C*-algebra A is said to be of hounded degree n if all its irreducible 
representations are finite-dimensional and their dimensions not exceed n. 

In [H Theorem 6] it is proved that a C*-algebra is strict if and only if it is of bounded 
degree, and if and only if it is also a ® -algebra with the minimal C*-tensor product. 

mill 

There are many equivalent properties of algebras of bounded degree [251 Theorem 2.5]. 
Another criterion is also true: 

Lemma 7.3. A G* -algebra A is strict if and only if it is a ® -algebra. 

max 

This lemma is proved exactly in the same way as it is done by Aristov [4J for minimal 
tensor products. For completeness, we repeat the argument below, including proof of 
the following proposition which is stated as obvious in [1]. 

Proposition 7.4. Let A be a G* -algebra and ai, . . . , € ^ such that aia* = a*aj = 
if i 7^ j . Then 

II a.j II ^ max ||ai||. 

Proof. Let So{a) = a, S'„(a) = S'„_i(a)*S'„_i(a) for any a G A. Then, by induction, 
S{ai) satisfy the same conditions as af. 

Sn{ai)Sn{aj)* = Sn-i{ai)* Sn-i{ai)Sn^i{ajy Sn-i{aj) = if z 7^ j, 

Snia-iYSniaj) = Oiii^ j. 

These properties imply that 

\\E^Sn{aM' = \\EuSn{a,yS4aM = \\E^Sn{a.ySn{aM = \\E^Sn+l{aM, 
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SO that by induction 

W^^iir = \\^Sn{ai)\\. 
Now, as ||S'„(a)|| = ||S'„,_i(a)|p, we have 

||j:a.K(5:i|5„(a.)||)''" = (j:i|a.r)''". 
The right-hand side tends to max ||aj|| as n — j- oo, what proves the proposition. □ 



Proof of lemma \T3^ If A is strict, then its multiphcation m extends to a continuous 
operator from A ® Ato A\ since there is a continuous map from A ® A\,o A ® A^ 

min max min 

the multiphcation is continuous ow A ® A also. 

max 

For the inverse statement, we follow reasoning of Aristov. In ^ it is proved that a 
C*-algebra is strict if and only if it is of bounded degree. Thus, we need to show that 
every ® -algebra is of bounded degree. Suppose that A is a ® -algebra and there is 

max max 

an irreducible representation vr of A of dimension n. Let {cj}"^^ be a basis in the space 
of representation of vr, and let Siiy) = (f,ej) be the coordinate functionals. Then by 
[U Lemma 1] there exist elements ai ^ A, i = 1, ... ,n [in notations of [4], = vn) 
such that 

llflill = 1; 

OjO* = a*aj = if i ^ j] 

n 

qn{ai)q = 7i{ai)q = EiCi, where q = ^ejCj. 

2=1 

Take x = ^ • a* (g) Oi 6 A ® A. Then 

max 

q7r{m{x))q = '^qn{a*ai)q = ^ (7r(ai)g)*7r(ai)g = ^ {eieiYeiCi 

i i i 

= ^ EiCi o EiCi = ^ EiCi = neiCi. 

i i 

Thus, n = ||g7r(m(x))g|| ^ ||m(x)||. At the same time, by proposition 17.41 ||x|| ^ 
max \\a* ® aj|| = 1. This means that ||m|| ^ n, so if m is a continuous operator then A 
must be of bounded degree. □ 

Lemma 7.5. If G is a Moore group and p G V{G), then the algebra C*{G) = 
G*{Mq{G)) (defined in \2.3\) is of hounded degree. 

Proof. I. It is known [291 Theorem 12.4.27] that a Moore group is equal to the projective 
limit of Lie Moore groups. By [311 Theorem 1], every norm continuous representation 
of G may be factored through one of the quotient groups in this limit, so we can assume 
that G is itself a Lie group. 

II. By [291 Theorem 12.4.27], G is a finite extension of a central group Gi. Let Z 
be the center of Gi. By [151 Theorem 4.4] Gi is equal to the direct product M"^ x G2, 
where G2 has a compact open normal subgroup K. Let H = ZK, then H is normal 
in Gi and contains Z; as it also contains M™" x K, it is open in Gi. Thus Gi/H is 
discrete and compact, hence finite. As G/Gi = {G/H)/{Gi/H), we see that G/H = F 
is finite. 
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Suppose we have proved the theorem for the subgroup H. Denote \F\ = m. Take 
any p G V{G) and an irreducible representation r of C*{G) on a space E. As G is 
a Moore group, r is finite-dimensional. By [HI Theorem 1], the restriction of r o vr 
onto H decomposes into at most m irreducible representations of H. Every component 
in this decomposition is continuous with respect to p and therefore factors through 
the C*-subalgebra Ch generated in C*{G) by H. Thus, we get at most m irreducible 
representations of Ch'-, by assumption they have dimension at most n = degCn- Now 
dimr ^ mn, what proves the statement. 

III. It remains now to prove the theorem for the subgroup H, that is, a group 
representable as H = ZK, where the subgroup Z is central and K is compact and 
normal. Let ir : H ^{E) be a (norm-continuous) representation of if on a space E. 
Let p = 7i\k, <y = T^lz, and let C^, Cp, be the C*-algebras generated by n and by 
these restrictions. 

Since p and a commute, Ct^ is a continuous image of the maximal tensor product 
Cp (8) Ca, so every irreducible representation of C-,, generates an irreducible repre- 

max 

sentation of Cp ® C^. This tensor product may be described explicitly. As it is 

max 

shown in theorem 12.101 C^ is isomorphic to the algebra C{M) for some compact set 
M G Z. By lemma 12. IH Cp is isomorphic to a finite direct sum of matrix algebras: 
Cp = ®]l^M„^{C). Thus, 

m 

® a = © C(M) ®M„^(C) 

max j=l 

(here is just the algebraic tensor product). It is easy to see that any irreducible 
representation of such an algebra has dimension at most n\ - ■ ■ rt^. □ 

Corollary 7.6. If G is a Moore group, then C{G) is a strict pro-C* -algebra. 

Proposition 7.7. For a discrete group G which is not a Moore group, C{G) is not a 
strict pro-C* -algebra. 

Proof. According to theorem 15. 11 C{G) is the Banach algebra C*{G). By lemma [731 it 
is strict, so that the dimensions of all irreducible representations of G must be bounded 
by a common constant, and a fortiori, G must be a Moore group. □ 

8. The quantum group SUg{2) 

The quantum group SUq{2) was introduced by S. L. Woronowicz [10] as a deforma- 
tion of the Lie group SU{2). A detailed exposition of results concerning SUq{2) may be 
found in the book by Klimyk and Schmiidgen [2T] . We will also stick to the notations 
of this book. 

The main results in this section are Theorems 18.101 and I8.12[ They state that the 
C*-algebra A associated to the group SUq{2) is reflexive, i.e. A = A, and moreover, 
SUq{2) behaves as a usual compact group: the dual algebra A is the direct product of 
all finite-dimensional algebras generated by irreducible representations of A. 

Definition 8.1. Let g be a real number, g 7^ 0, ±1, and let 0{SUq{2)) be the *-Hopf 
algebra with generators a, c and relations 

ac = qca, ac* = qc*a, cc* = c*c, a*a + c*c = 1, aa* + g^c*c = 1. 
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The counit e is defined by e{a) = 1, e{c) = 0, and the comultiphcation A and the 
ant ip ode a by 

A(a) = a a — qc* ® c, A(c) = c ® a + a* ® c, 

cr(a) = a*, (t(c) = —qc, (8) 

a(a*) = a, a{c*) = -q'^c*. (9) 

(The last pair of equahties may be derived from the previous one). If we consider 
0{SUq{2)) with the strongest locally convex topology, we can define its C*-envelope. 
It is a C*-algebra which is called the C*-algebra of the quantum group SUq{2). In this 
section we denote A = 0{SUg{2)) and its C*-envelope just A. 

In the original paper of Woronowicz [40j A itself was called the quantum group 
SUg{2)] Klimyk and Schmiidgen [211 4.1.4, 4.3.4] call 0{SUg{2)) the algebra of coeffi- 
cients of the group SUq{2) and A the C*-algebra of SUq(2). The latter terminology is 
more standard now. 

Corepresentations of A as a coalgebra are said to be representations of the quantum 
group SUq{2). It is custom to consider only finite-dimensional representations to avoid 
complications with topological tensor products. In this case it is clear that a corep- 
resentation of A is the same as a representation of the conjugate algebra A*. But for 
A* one can naturally consider also infinite-dimensional representations, therefore we 
prefer to deal with this algebra. Multiplication on A* will be denoted by *. 

Let X be a finite-dimensional linear space with the basis {ej : j = 1 . . .n}. By usual 
definition, a corepresentation ?7 : X — )■ X ® A, Cj — )■ ^ Cfc ® Ukj, is called unitary if 

n n 
k=l k=l 

for all This is equivalent to the set of identities a{uij) = u*^ Proposition 11.11]. 
The last requirement has sense in the infinite-dimensional C3iSG clS well, and below we 
show that this identity distinguishes involutive representations of A*. 

Let be a continuous linear map from A* into the space B{H) of bounded operators 
on a Hilbert space H with the scalar product (■, ■). For any x,y & H, there is a linear 
continuous functional 

SxyifJ') = iS{n)y,x) (10) 
on A*, which by duality belongs to A. 

Lemma 8.2. Let S be a continuous representation of A* on a Hilbert space H. Then 
S is involutive if and only if for any x,y & H holds, in notations (fTOj) . s*y = cr{syx)- 

Proof. By definition of involution on A* [7, p. 117], for any fi & A* 

^i*{a) = fi{{aay). (11) 
or yu((cra)*) = fi*{a). Using this equality, we have: 

(^{syxYifi) = /u((T(sy^)*) = /i*(%x) = Syx{fi*) = {S{fi*)x,y) = 
= {y,S{^M*)x) = (?/,5(/i)*x) = {S{fi)y,x) = s^yifi), 
what proves the lemma. □ 
Below we will consider only involutive representations of A*. 
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Lemma 8.3. Let S be a * -representation of the algebra A* on a Hilbert space H with 
an orthonormal basis {e^}. Then, in notations f l8.4p . for every u & A* ® A* 

a 

Proof. Recall that A acts from A to the maximal (in this case equal to minimal) tensor 
product A ^ A. The conjugate space to A ® ^4 is by definition A* ® A*. For any 

max max 

/i, 1/ G A* we have a direct computation, with all series absolutely convergent: 
A{s^y){lJ,'S)u) = s^y{^i*v) = {S{fi*u)y,x) = {S{n)S{u)y, x) = 
= {S{iy)y,S{iJ,)*x) =^{S{iy)y,ea){ea,S{i2yx) = 

a 

a a 
a 

Since A is nuclear, by lemma [6. Ill the linear span of such tensors is dense in A* ® A*, 
what yields the equality needed. □ 

Notations 8.4. Denote Nq = N U {0}, T = {z e C : \z\ = 1}. If h e A* is the Haar 
state of A, we have a scalar product (a, 6) = h{ab*) for a,b E A. It is known that A 
has a series of irreducible (2/-|-l)-dimensional corepresentations T', / G No; denote tlj, 
i,j = —l,..., I, the coefficients of TK Put = t\j/{t\j, t\j), so that {tlj,t^ij) = 1. When 
this does not introduce any ambiguity, we omit the index /. It is known that t[j are 
orthogonal with respect to (■, ■) and A is the linear span of t\j. Note that this hnear 
span is dense in A. 

We need three technical lemmas treating the coefficients tlj explicitly. 

Lemma 8.5. For a E A, denote Ua G A* the functional UJa{x) = h{xa*) = {x, a) on A. 
Then u^i * u^m = Sg^u^i if I = m and otherwise. 

aj3 7(5 aS 

Proof. Since A is dense in A, a continuous functional is defined by its values on t^^. 
Using the formula for A(t[j), we see that 

^ * ^t- ) (i?.) = (^?., ® ^t- ) ( A^) = (^?., ® ^r^s ) ( E ^'c ® J = 

C 

= T.^^J^Ic)^t-iti) = J2{ti,x,){t'cJ'^s) = 

C C 

= Y5klSkm5^aS(l3{t^ai3,t^ap){'t''^riJ'^s) = 

c 

= ^kl^km^ia^p-i^-qS- 

From the other side, 

dp^OJ-fl it'l^) = Si3^{t^^,t'-^s) = Sl3'ySklS^aSr,5- 
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This proves the lemma. □ 

Next lemma will not be used until in Theorem \S.10\ but it introduces many notations 
needed earlier. 

Lemma 8.6. Let t[j, 21 G Mq, i,j = l... dimT^ be the coefficients of the l-th irreducible 
representation of SUq{2). Denote ti = then \\ti\\ — t- oo, / oo. 

Proof. Let us first introduce the following notations [21] section 2.1]: for n G N 

(a; q)n = (1 - a)(l - ag) ■ ■ ■ (1 - ag""^), (a; g)o = 1. 
This allows to define g-binomial coefficients 

"^1 ^ (g; q)n 

n—m 

and the g-hypergeometric function 2^i'- 

(a;g)„(6;g)„ 



2(pi{a,b,c; q,z) = 



n=0 



(c;g)n 



There is an explicit formula for the coefficients t\j [211 P- 109]. If i = j ^ (the only 
case we need), then 



= q 



{l+j)U-i)Q^-i-j fJ-j 


'l+i' 




'l-j' 






g-2 





2^ii-H, 1-3+ 1; 1-3+ 1; g-', rt), (12) 



where 2$i is defined via 2^1 as follows [211 P- 43]: 

2$i(a, /3, 7; g, ^) = 2¥'i(g°, g^, g^; g, z), 

so that 

2$i(a, /3, 7; g-^ g-'C) = 2¥^i(g-'", g'^^ g"'^; g-^ g'^C), 

Setting i = j = — / + 1, we get: 

"2/-1" 




Ti = a 



-21+2 



1 2 



2$i(-l,2/;l;g-^g-^C) 



-21+2 I 2 -41 -2 -2 -2/-\ 

a 2</'i(g,g ;g ;g ,g 0- 



Here 2(^1 reduces to two summands: 



2V.l(g^g-^^g-^'+^;g-^g-\) = J] 



(g^g-')n(g-'';g-')n(g-^C)'^ 



n=0 
1 + 

1 + 



(g ^;g ^)n(g ^;g 



-2^ 



(l-g^)(l-g-^Og-\ 
(l-g-2)2 

1 - g-4' 



g 



-2 



-C- 



Now, recalling that ( = —qbc = q'^c*c, we have 

,-2Z+2 



n = a 



1 — -g c c 



g-2 - 1 



As usual in a C*-algebra, ||ri|| = sup ||'7r(r/)]| over all irreducible representations vr of 
A. All these representations are described as follows [211 Corollary 4.3.20]. For every 
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M G T, there is a one- dimensional representation vr^ and a representation vr^ on ^2(^0) 
defined by 

Til{a) = u, 7ri(c) = 0; (13) 
7r~(a)e„ = (1 - g'")^/'e„_i, 7rr(c)e„ = g"ue„. 

We see that ||7r^(T^)|| = I'ul"^'^^ = 1. In the infinite-dimensional case, we have 
7r~(c)e„ = g"Me„, vr^f (c*)e„ = g"Me„, and vr^f (a)-^e„ = (1 - g2"+2)-i/2e^^^^ that 



" n 



For n = this gives 

^ — 1 \ / \ —1/2 



The infinite product ( (1 — g^) ■ ■ ■ (1 — q^^^"^) j converges to a limit /9, so we have 
tt; ~ —fiq"^^^'^ —7- 00, /— 7- 00, and thus \ri \ — t- 00, what was to prove. □ 

Lemma 8.7. For coefficients of an irreducible representation T\ we have cr(t*j) = tji. 

Proof. We will show first that a'^itij) = q'^^^~^Hij. From the formula fll2l) we see that 
tij = a^^~^ Pij{() with some polynomial Pij, where ( = —qbc = q^c*c. Since a is an 
anti-homomorphism, cr^ is a homomorphism. Then we have: 

cr^(c) = —q{—qc) = q^c 

a\c*) = a{-q''c*) = -q-\-q-'c*) = q~^c* 
a\c*c) = a^{c*)a\c) = q-^c*q^c = c*c 
a\P,,{C)) = P,,{Oa\a) = a{a*) = a 

a\t,,) = [a\a)r-^[a\c)r^a\P.,{0) = a-^-^[q\r^ P.,{0 = q'^'-^%. 

Now, by lemma[82]t*j = crtji. Then a{t*^) = a'^it^i) = q^^^'^Hji. 

By [m Theorem 4.17], we have {t{j,t\j) = q^^[2l + 1]-^, (tj.,^;.^ = q^'[2l + so 

that {t^,,,t\,) /{tl, A,) = =<l'^'~'^- 
For the normalized coefficients now holds 



□ 



Lemma 8.8. Let S be a continuous linear map from A* into the space B[H) of bounded 
operators on a Hilbert space H with the scalar product (■, ■). Then for every a & A the 
equality 

iPx,y) = {iSx,y),a) (14) 
defines a bounded linear operator P on H . 
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Proof. Note first that {Sx, y) is a continuous linear functional on A* for any x,y & H, 
and by duality it belongs to A, so that the right-hand side of ffT^ is well defined. 
Obviously P is linear, so we need to prove its continuity only. By assumption ||5'(yu)|| ^ 
/i G A*, for a continuous seminorm p on A*. By definition of the topology of A* 
there is a totally bounded, in particular bounded set K C A such that 

^ sup 

Clearly i^' is contained in a multiple of the unit ball B in A: Kg XB with some A > 0. 
Then 

p{fi) ^ sup = Asup|/i(0|• 

CeAB ^eB 

Let 5° = {/i G v4* : ^ 1} be the polar of B, then the previous formula shows 

that p{^) ^ A for all n G B°. Now we can estimate the norm of {Sx,y) as an element 
of A: 

\\{Sx,y)\\ = sup \{Sx,y){fi)\ = sup \{S{fi)x,y)\ ^ sup ||a;|| • \\y\\ ■ \\S{fi)\\ ^ 

fi£B° fi£B° fieB° 

^ ||x|| ■ llyll ■ sup ^ • ||y|| ■ A. 
fj.eB° 

And then we have 

\iPx,y)\ = {{Sx,y),a) = h{{Sx,y)a*) ^ \\{Sx,y)a*\\ ^ ||(S'x,y)||-||a|| ^ A||x||-|||/||-||a||, 
what shows that P is indeed a bounded operator. □ 

Next we come to an essential statement: a direct sum decomposition of a represen- 
tation of SUq{2). It is not though a final description: Theorem 18. 101 states that in such 
a decomposition only finite number of different irreducible representation is involved. 
As a byproduct we get that A* has no irreducible representations except TK 

Lemma 8.9. Every continuous representation of A* is equal to the direct sum of its 
irreducible (finite- dimensional) representations, each of them equivalent to T' for some 
I. 

Proof. We will show that the classical proof [281 Chapter IV, §2] can be adapted to 
our situation. Let S* be a continuous representation of A* in a Hilbert space H and 
let Ca be its orthonormal basis and (■, ■) the scalar product in H. Then the coefficients 
Sxyil^) = {S{fi)y, x) are linear continuous functionals on A*, and by duahty they belong 
to A. We introduce a family of operators P/^-, 21 G Nq, i,j = —I, . . . ,1, by 

(4.x,i/) = ((5x,y),?,^.) 

(by lemma \8M they are continuous). These operators have the following properties: 

(i) pL* = pi 

(ii) PijPkii = ^ImSjkPin 

Denote s^y = {Sy,x). 
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(i) We will calculate in general the adjoint of the operator Pa defined by (|T4l) . 



{P*x,y) = {x,Pay) = {Pay,x) = {{Sy,x),a) = {s^y,a) = h{s^ya*) = h{a{s^ya*)) 



= h{a{a*)a{s^y)) = h{a{a*)s*y^) = h{{a{a*)s*yj*) = 
= h{sy^{a{a*)y) = {sy^,a{a*)) = {P^^a*)X,y). 

Thus, P* = Pa{a*)- In our case a = t[j, and by lemma 18.71 = t^^. Thus, 

(ii) Using lemma 18.31 we have: 

iP-,PZ^,y) = {PZ^.Pl-y) = J2(P;:nX,er)ier,P!;y) = $^(P.>,e.)(4e.,y) = 

r r 

= '^{iSx,er),tZ){iSer,y),7ij) = ^(Vr ® ® w^-^J = 

r r 
= A{Syx){u-p ® Wpn ) = Syx{u!-p * UJjm ) = Syx{6lm5jkUJ-tt ) = 

ij kn ij kn in 

= 6lmSjk{Syx,tln) = ^lmSjk{PL^,y)- 

From (i) and (ii) we see that P-* = Pl^ and (-P/j)^ = -P/j, that is, P/j is an orthogonal 
projector. Moreover, from (ii) it follows that P/j are orthogonal to each other. 

Next we prove that H = ®i,iPliH. Suppose the opposite, i.e. that x & H is 
orthogonal to P/j-ff for all i and /. From (ii) we have P/jP/j = P/j, so that image of 
P/j is contained into PliH . Then x is orthogonal to PljH for all j, /. In particular, 
(P/jX, x) = {{Sx, x),t[j) = 0. Since t[j form an orthogonal basis in A, it follows that 
{Sx, x) = 0. In particular, its value on the unit e of A* is 0, i.e. (x, x) = {Sx, x)(e) = 0, 
whence x = 0. 

Let P' = PL and = P^H. We show that every M' is invariant under S, 

and more precisely, that SP^ = Y^j=_it''jiPji- For any x,y E H we have in the r.h.s.: 

I I I 

(5^4,(P,^x,y),C) = $^(P,'.x,y)(4,,C) = Y,{iSx,y),7^,)6i^6,„A, = 
j=-i j=-i j=-i 

= 5i^5ik{{Sx,y),l^i) = 6im6ik{iSx,y),t'^k). 

In the l.h.s. 

iSPix,y) = iPLx,S*y) = ^^(i^^x, e,)(e,, 5*y) = ^^((Sx, e„),4)(5e,, y) = 

a a 

a 

For any m, n, k now 

((5Pi^X,y),Cc) = $^(V.'C)(Se.x,4) = ® ^-«-)(^C. ® "^^J = 

a a 

= A(s„^)(a;r„ ® ) = Sy.j:{ujrm * CO-ri) = 

nk ii nk ii 

— ^Im^ikSyxij-^t'^^ ~ ^Im^iki^yxytj^j.) 

Due to the density of the linear span of t™^ in A, this proves our equality. 
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Denote Hi = Pl^H and M' = ®\^_iHi. It remains to show that S\Mh if 7^ 0, 
is equivalent to a multiple of TK Till the end of the proof we fix an index / and 
omit it in the notations. Choose an orthonormal basis G Hq and define e[ = Pioe^ 
(in particular, Cg = e^). Then e\ G Hi, so (e[,e|) = if i 7^ /c; for i = A; we have 
(e[,e|) = (P,oe^P^oe^) = (i^*oPioe% e^) = (Poii'^oe^ e«) = (Pooe% e^) = ^^s- For fixed 
i they span PioHo; due to (ii), PioH = PioHo so that e[ span ifj. Thus, e[ form an 
orthonormal basis in Hi. 

It remains to show that S is equivalent to T' on the linear span of el for fixed r. For 
this, we need the equality {Se^, e^) = tki, and it can be proved by direct calculation: 

((5e[,eD,q3) = (Paf^elel) = 5^„(P^P„^P.oe^ e^) = 5lm{PokPapP^oe\ e') = 

while (tkijais) = ^lmSkaSil3. □ 

Theorem 8.10. Every continuous representation of A* is equivalent to a finite sum 
of its irreducible representations . 

Proof. Let vr be a continuous representation of A* and let p be its norm. Let vr = 
©aGj^TTo, be the decomposition of n according to lemma WU\ and let I (a) be such that 
Tia is equivalent to T'^"). The coefficients of all Tia, ce E J', are continuous with respect 
to p. Every set in A, equicontinuous on A*, is totally bounded, in particular, bounded 
(by norm). By lemma [8l6| P'-i+i-z+iH — )■ 00, / — t- 00. Thus, the set {/(a) : a G Jj} 
must be finite. □ 

Lemma 8.11. The algebra A = A*^ is a Hopf pro-C* -algebra. 

Proof. The counit of A* is a *-homomorphism and is extended to a morphism of A by 
universality property. It remains to check that the comultiplication and antipode a* 
of A* may be extended by continuity to A, i.e. that they are continuous with respect 
to any C*-seminorm p on A*. Due to theorem I8.10[ it is sufficient to consider only 
seminorms pi of the irreducible representations TK 

As in a general Banach algebra, multiplication of A acts from the projective tensor 
product A® A to A (and not from A ^ A, since A is not strict). Thus, maps A* to 

max 

{A® A)*. Since every is finite-dimensional, the inclusion i : A*0A* -^A®A may be 
extended to {A^A)* by continuity. Then its composition with A^ gives a continuous 
homomorphism 6 : A* A ® A, and when extended by continuity to A, it gives the 

max 

comultiplication A on A. 

The antipode requires a bit more effort. By lemma 18. 2^ <7{t[j) = (tlj)*, and from 
exphcit formulas [2T1 (40)-(44)] it may be seen that (t-^)* = (-g)-'^*t'_j _j. So, for q 
with |g| > 1 

Pi{cr*fi) ^ C/max|/i(a4)| = Q max |/i((4)*)l = Qg^' max 1^(4) | ^ CiPiifx). 
This proves the lemma. □ 

Since A is the direct product of finite-dimensional spaces, it is stereotype (lemma 
15. lip . So we can define its second dual A, and the following theorem proves that 
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A = A. Thus, A belongs to the category of reflexive Hopf pro-C*-algebras 

defined in section [61 

Theorem 8.12. The algebra A is reflexive with respect to duality functor introduced 
in section\^- A = A. 

Proof. By lemma I8.10[ every representation of A* is equivalent to a finite sum of 
irreducible representations; then (cf. theorem \2.12\\ A is the direct product of the 
(finite-dimensional) algebras C-^- generated by all irreducible representations vr. Next, 
[A)* is the direct sum of C*, the algebras of coefficients of these representations; by 

PT| Theorem 4.17] this is exactly A. Finally, the C*-envelope .4.^ = A of ^ is by 
definition A. □ 
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